Integrating network design and line
planning in rapid transit systems

by
Francisco Lopez, Esteve Codina (1)
Angel Marin (2)

1- Universitat Politécnica de Catalunya BarcelonaTech (UPC)
2- Universidad Politécnica de Madrid (UPM)

Spanish Research Grants
TRA2008-06782-C02-01/02 and TRA2011-27791-C03-01/02



Contents

Motivation of this work

Problem statement

Problem formulation

Model Solving techniques
Computational results
Conclusions and on-going research



TNDP bases design on Ceder & Wilson 4 phases

Global line network

planning

I Setting frequencies

Setting Timetables
Setting departure times

Vehicle scheduling

Crew scheduling
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RTNPD model integrates the two first phases

Global Line Network
Planning Model

Rapid Transit Network
Planning and Design Model
(RTNPD)
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Problem statement

» Routing features
* Line topology is circular and symmetrical
* Nodes can be considered as passing points or stops
 Number of constructed stops and stretches limited by an infrastructure budget

» Planning features
 Homogenous vehicles fleet characteristics (Capacity)
* Number of services are considered as continuous variables
* Line service limited by links capacity
* Constant service time at service nodes

» Passengers’ features
* Follow a system optimum: User Global Time is to be minimized
* |tsdemand is known in advance and is split into O-D pairs.
* Passengers’ service times are considered as well as in-vehicle travel times

Features in bold are breakthroughs considering the current state of the art
regarding to Mathematical Programming Techniques.
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Network Model

Passengers’ demand is split into OD pairs

Integrating network design and line planning in rapid transit systems

Railway / Car link
Only car link

Railway Station
Demand centroide

Railway Station

Road Intersection
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Objective function

Minimize : Pax. costs + Operator Costs

I\/Iin[v,u,x,y,b,z] Zpax(v’u) + Zop(X’ y,b,Z)

Pax. costs = Travel Times + Passengers’ service times at stations
_ COM TP, ,pl p,l p,l
Z(VU) = 03 g, DEMul+d STt Z(aVam +1, V5 +thx(k))
peO (1, 1)eAcom leL (i, j)eArp leL keN¢p
Op.costs1 = Construction Costs + Maintenance Costs
1 _ y Yol X I
Zop(X’ Y) = Zci Yi + ZCU i T Z Z CiYi t Zcijlxij
ieNTp (i,J)eAmp leL"\ieNtp (i,J)eAmp
Op. costs 2 = Assign Trains + New Trains + Services
2 _ I A
z22(bz) = ¢,y b + cAf, + Dcizi+ D ¢z
leL IeLN IengE
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A network extension allows the representation of

Pax. in a train
arriving at station k

V(y) = Pax. Alightning
from a train

U(in)

Pax. in another transit

passengers’ flows at stations

V(x)

Pax. in a train leaving
station k

Pax. remaining in a train

V(a)= Pax. Boarding

to a train

U(out)

Pax. another transit

vehicle arriving at station k vehicle leaving at station k

=) |t +t, >t

: Pax. from V(in) cannot belong to V(y) and V(a) at the same time.
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Constraints

Group of Constraints Constrained variable Dependency

Passengers’ flow balance v(i,j,p,1), u(i,j,p),
vx(i,j,p,1), vy(ij,p,1), va(i,j,p,l)
Infrastructure budget y(i), x(i,j)
Train’s budget Af(c)
Train’s fleet b(l)

Allocation of services to trains  b(l), z(l), t(l)

Infrastructure-to-passengers v(i,j,p,l1),

flow linking vx(i,j,p,1), vy(ij,p,1), va(i,j,p,1)
Topological line design x(i,j), y(i), x(i,j,1), y(i,1), ~y(i,I)
Trains’ capacity v(i,j,p,l)

Link capacity z(1), z(i,j,!)

Cycle length t(l), x(i,j,1), ~y(i,1)

Integrating network design and line planning in rapid transit systems

~y(i,1), g(p).

Cmax(net), C(y,i), C(i,j,x)
Cmax(v), C(f)
f(c,e), f(c,n), Af(c)

x(i,j,1), y(i,1)

q(l), z(1), z(i,j,1)
/h, a(i), x(i,1)
/h, PST

CASPT12
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Model Solving techniques

e Exact approach
» Branch & Bound of CPLEX 12.4.0 (CPX B & B)

e Heuristic approach

» Incremental line construction procedure (ILCP) with,
* Full demand assignation (ILCPFD)
* Incremental demand assignation (ILCPID)

10/26



An illustrative example of ILCPFD procedure

Constructed lines Resources
- - Available 1,2,3,4,5,6 (1,2),(1,3),(2,3),(2,4), 10
(3,4), (3,5), (4,5), (4,6),
5,6
320 260 (5,6)
Budget
Available 8000 S 5000 $
Used 0 0
270 300 Demand
0] D | GOD) | Line |
L=3 , 1 6 9000 i
Horizon = 300 min
Cost (train) =500$ 1 5 4500 -
Cap (train) =100 pax. 3 6 4500 )

Cap (stretch) =90 trains/ horizon
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Iteration 1. A line linking the highest OD demand is constructed

Constructed lines Resources

1 1,2,4.,6 Available 1,2,3,4,5,6 (1,2),(1,3), (2,3), (2,4), 10
(3,4), (3,5), (4,5), (4,6),

320 260 (5,6)

e s azeess G

280 Budget
ST AT
Available 8000 $ 5000 $
Used 2020 S 0
270 300 Demand

"5 [ o | so0)

Horizon = 300 min mmp 1 6 (00 1

Cost (train) =500$ 1 5 4500 _

Cap (train) := 100 pax.
Cap (stretch) =90 trains/ horizon

3 6 4500 -
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Iteration 1 to 2. Parameters’ Update

Constructed lines Resources
1 1,2,4,6 28 min Available 2,3,45  (1,3),(2,3),(3,5), (4,5), 0
(5,6)
320 260 Used - - ,
Budget
Available 5980 S 5000 S
Used 0 0
| 0| D | G(0D) | Line
L=3
Horizon = 300 min ! 6 2000 !
Cost (train) =500$ 1 5 4500 -
Cap (train) =100 pax. 3 6 4500 )
Cap (stretch) =90 trains/ horizon
13/26
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Iteration 2. Another line linking the lowest demand pairs is constructed

Constructed lines Resources
1 1,2,4,6 28 min Available 2,3,45  (1,3),(2,3),(3,4), (3,5), 0
2 1,3,5,6 (4,5), (5,6)
Used 3,5 (1,3), (3,5), (5,6) 0
320 260
Budget
Available 5980 S 5000 $
Used 1270 $
Demand
"0 [0 | 6(00) | ine _
L=3 1 6 9000 1
Horizon = 300 min
Cost (train) =500$ # S -
Cap (train) = 100 pax. # 3 6 (450 2

Cap (stretch) =90 trains / horizon
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Iteration 2 to 3. Parameters’ Update

Constructed lines Resources
1 1,2,4,6 28 min Available 2,4 (2,3), (3,4), (4,5) 0
2 1,3,5,6 30 min Used _ ) _
320 260
Budget
Available 4710 S 500 S
Used 0 0
Demand
| 0| D |G(OD) | Line |
L=3 1 6 9000 1

Horizon = 300 min
1 5 4500 2

Cost (train) =500$
Cap (train) =100 pax. 3 6 4500 2
Cap (stretch) =90 trains / horizon
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Iteration 3. No more lines are constructed

Constructed lines Resources
1 1,2,4,6 28 min Available 2,4 (2,3), (3,4), (4,5) 0
2 1,3,5,6 30 min Used _ ) 0
320 260
Budget
Available 4710 S 500 S
Used 0 0
Demand
0| D | G(OD) | Line |
L=3 1 6 9000 1
Horizon = 300 min
Cost (train) =500$ . > 4500 2
Cap (train) =100 pax. 3 6 4500 2

Cap (stretch) =9 trains / horizon

16/26
Integrating network design and line planning in rapid transit systems CASPT12



Computational Results

* Two types of experiments carried out
» Type 1. Model validation test
» Type 2. Network Size vs. Performance Test
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Networks for model validation test

(14,0.6,2)

13,1.1,22)

N2 (32) (26) (44)
(26,1.1,26) /Z\ (21,0.9,20)

(16.0.7,20)
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N(TP) 6 9
—
A(TP) 30 26
A(C) 30 72
IW| 30 72

) 5030 10290

Table 1: Main features of the tested Networks.

(€17 c3)
jl? ot J C-)-( —10. Ci)j(l
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1 2 20
2 3 20
3 4 4.0
4 5 40
5 6 5.0

ILCPID
ILCPFD

CPX B&B
ILCPID

ILCPFD

CPX B&B
ILCPID

ILCPFD

CPX B&B
ILCPID

ILCPFD

CPX B&B
ILCPID

ILCPFD
CPX B&B

7953.12
7953.12

7942.31
8286.92

5924.13

5852.85
21378.74

20698.43

20169.86
23804.90

19361.66

17640.46
33176.02

25625.18
24037.23

(*) Time expressed in seconds

7518.92
7518.92

7481.71
7777.52

5438.13

5353.45
20864.54

20164.03

19650.06
23265.00

18790.46

17079.26
32624.02

25048.38
23449.23

Integrating network design and line planning in rapid transit systems

106
14

618
12

3380

0.14%
0.14%

41.6%

1.2%

6%
2.6%

34.9%
9.8%

38%
6.6%

General Results for Network N1
-nm-

Average Gap

ILCPID = 24%
ILCPFD = 4%
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General Results for Network N2

0 N T 2 T

1 2 2.0
2 3 2.0
3 4 3.0
4 5 4.0
5 6 5.0

ILCPID
ILCPFD

CPX B&B
ILCPID

ILCPFD

CPX B&B
ILCPID

ILCPFD

CPX B&B
ILCPID

ILCPFD

CPX B&B
ILCPID

ILCPFD

CPX B&B

24985.18
24997.66

24984.01
21231.80

22038.79

19665.96
44983.20

42065.18

38180.48
68381.00

66176.45

57079.09
94707.50

81378.68
78429.04

(*) Time expressed in seconds

24522.78
24532.06

24521.61
20757.00

21540.59

19170.96
44481.40

41564.38

37681.08
67877.60

65673.55

56557.09
94199.91

80797.58
77823.04
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36
16

16

191
18

15

271
23

19

1560
24

22
2255

<0.01%
0.05%

7.96%

12.07% Average Gap

ILCPID = 13%
ILCPFD = 8%

17.82%

10.17%

19.81%
15.94%

20.76%
3.76%
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Detailed Results for networks N1 & N2

Network N1 Results

2 5 5 10
3 6 6 12
4 7 7 14
5 8 8 16

Network N2 Results

2 5 5 10
3 6 6 12
4 7 7 14
5 8 8 16
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34.7%
50.7%
53 %
60.6%
66.7%

66.7%
100%
100%
100%
100%

89.8%
89.8%
93%
93.43%
94.1%

V

100%
100%
100%
100%
100%

L] = Number of lines constructed
NV = Number of used trains
NZ = Number of services performed

Measures

Uavg (I) = Average line utilization
Umax (I) = Maximum line utilization
Uavg (v) = Average vehicle utilization
Umax(v) = Maximum vehicle utilization

The model tends to fill vehicles as much as possible
so that less services are required !

34.7%
50.7%
53 %
60.6%
66.7%

66.7%
100%
100%
100%
100%

89.8%
89.8%
93%
93.43%
94.1%

il o

100%
100%
100%
100%
100%
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N2 is used as initial network for the Network Size vs. Performance Test

(32)
(9,0.5,22) ’
(28)
1 (14,0.6,6)
(26,0.7,6)
(27)
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(26) (44)
(26,1.1,26) (21,0.9,20)
< > < &
(16,0.7,20)
(30,1.1,14) (16,0.7,20)
: - (21,1.3,10) (25)
6 >
22,0.8,16
( ) (20,0.5,10) e
(28,0.9,20)
24,0.5,6
< ( ) S ”
(30) 33)
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General Results for the Network Size vs. Performance Test

N A O Y2

32040.91 31606.11
2 10 76 28530.55 28107.45 14
3 11 80 28530.55 28107.45 20
4 12 84 26413.91 25979.21 17
5 13 88 24285.54 23848.04 22
6 14 92 24285.54 23848.04 24
7 15 96 21259.58 20836.18 32
8 16 100 21259.58 20836.18 39
9 17 104 19263.35 18850.15 38
10 18 108 19263.35 18850.15 31
11 19 112 19263.35 18850.15 165
12 20 116 18845.09 18411.49 147
13 21 120 17727.06 17291.86 384

17727.06 17291.86 762

Computational
-- 17727.06 | 17291.86 861 time exploits|
1742095 1700365 (28703 '

(*) Time expressed in seconds, |[L| =1, |W| =

23/26
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Conclusions

A network design and line planning model has been presented for modelling rapid
transit systems

The network design determines the extension of the current set of working lines,
— By means of a set of candidates stations
— Without exceeding the available network infrastructure budget

The line planning assigns vehicles and services while meeting
— Link and vehicle capacity constraints
— Vehicle’s fleet maximum size
— Planning horizon requirements

Express / point-to point lines can be constructed thanks to
— The consideration of passengers’ service times at stations
— The role determination of the line stations as passing points or service points

The model is formulated by means of mixed integer linear programming and it is
split heuristically into a series of subproblems with the same mathematical structure
to solve efficiently small-sized networks
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Ongoing Research

* An alternative decomposition approach to speed-up the
model resolution

» Benders with convergence enhancements (Papadakos 2008)
» Ad hoc methods for solving the master problem

* Inclusion of a transportation mode choice model based on
passengers utility functions

» Demand mode splitting constraints (Marin & Rédenas 2008)

 Consideration of passengers’ strategies instead of System
Optimum
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Appendix |

Detailed formulation of Model’s constraints:

e Passengers flow balance constraints

* Budget and vehicle fleet Constraints

* Allocation of services to vehicles constraints

* |nfrastructure-to-passengers flow linking constraints
* Topological line design constraints

* Vehicles capacity constraints

* Link capacity constraints

* Cycle length constraints



Passengers flow balance constraints

DoV YR Y uP— Y ub=t", vpeO,ieN

leL jeArp (i) leL jeAp (i) jeAcom (1) J€Acom (1)
p,l - E E
Dvbl=vPi+vli, VieNL(l),peO,lel

A (i)
Dkl =vhi+vih, VieNgp(l),peO,lel”

A (i)

VP VB + @_9: > > vh b vl + v -1 VieN), peO,lel®
A (i)

v VR + 9—9: S vl v+ y -1 VieN), peO,lel®
jeAp (i)

Where,

f 1if i=p
tiwzi—% if i=p(pi)eW
9y

0 if (p,i)gW




Budget and vehicle fleet Constraints

y X Net
Z Gyt Zcijxij < Crx

ieNgp (i,j)eAm
Cveh

0< AfC < | =
C

| E N
D b < fE N +Af,
leL
Input parameters
h : : . :
Crr:;:( : C;/neax : Available budgets for infrastructure and acquiring new vehicles

c) cX : o )
i 1 Vijj : Costs of constructing a station i and stretch (i,j)

E N
fc : fc . Fleet of working and unused vehicles.



Allocation of services to vehicles constraints

b'=t'-z2', lelL =) Non linear!

But it can be linearized by means of the following procedure:

1) Discretization of t(/) variables:

4 sl Sl - i
(Q@ Z, ‘v’lew_

b :Zbil’ Viel

==

ieT

t'=> 461, vlel
ieT

> 6 <1 vlelL

ieT

2) Linearization of the product of binary 6(i,/) and continuous z(/) variables
A4

0<b'<t.z_ -8, VieT,lelL

(Groover 1975 Section 2) | | | | _
t. -[z —zmax(l—5i )]sb. <t-z, VieT,lelL




Infrastructure-to-passengers flow linking constraints

Where,

(v v )< xt, VG, e Ali<jlel!

peO

> v va;"s?:, VieN},peO,lel”

jeErp (1) jelip(i)

Dbl > v 39:, VieN},peO,lel”

jelp (i) jeErp (i)

p,l p,l p,l = - N N

peO

M =|0



Topological line design constraints

Zy: <LV |-y, VieNg

lelN

>oxi <[, V(L j) e A< ]

leN
Sy, 2235, viel
ieNqb ieT

y. <y, VieNE,lel"
yi < Y X+ > X <2y, VieNfp,lel"

JEER () jelfp (i)

Yo+ Dxi=>y, Vel

ieT (i,j)eAN, ieNTp

| | N | N
Y5 < Y x <05 AL 5], el
ieT (i,j)e AN ieT

>3 x<QI-L Qe NN, |QR3lel!

ieQ jeQ



Vehicles capacity constraints

Z(gp'vi?l)gql'zl, v(i, j) e AL (), leL”
Z(gp'vi}o’l)gql'zilj’ V@i, eALi<jlel”
2

(0, v )<q" -2, VG, j)e AL i>j,vlel"

Input parameters

I
CI : Capacity of a vehicle assigned to line I.



Link capacity constraints

N2+ Yz <qH, V(i j)eAp,i<]

E N
IELij IELij

z'x. =z, V(i j)e AL el | M Nonlinear!

J 17

Linearization of the product of binary x(i,j,/) and continuous z(l) variables
by means of Groover 1975 Section 2, resulting in:

' <7', VG, j)eAli<jlel®

J

Zi < Zog X, V(i ) eApi<jlel

7' 2l <(-x )z, V(0 J)e AL i< lel!

ij —

2' <z DX, Vlel"

max
(i, ))eAp i<]




Cycle length constraints

=
'_I-_
vV

M

A

ij Ji

d’® g
L T J“‘PST (Nsm-1)

ij ji ieNTb

- {; t(; . .
Qi = 12 of V(I J) e Ap 1<)

h-t' > Z Xi -Ld”TP +djTiPJ+2-PST [ZI
= il 1 Yi—

VI e LF

1}, vl e LM



Appendix Il

The model’s working



An illustrative example to show the model’s working

A rectilinear transit network with 6 stations, 10 stretches and 2 OD-pairs.

? (5,15) 0 (5,15) ?/ (5,15) (5,15) & (5,15)

10.000 10.000

Suppose that,

* We want to construct up to 2 lines
* Maintenance costs are negligible 1
e We have an unlimited budget and time horizon
* But exchange times at station are as follows
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The network flow extension allows building point-to-point lines

Using our model: Z(pax)=(25+1) x 10.000 + (5 + 1) x 100 = 260.600

(1)

?( (5) /e< (5) >G< (5) >Q< (5) >& (5) ?

10.000 (1) 10.000

B

Using state of the art models: Z(pax) = (25 + 3) x 10.000 + (5 + 1) x 100 = 280.600

(1) (1) (1) (1)

T§rec§érers

10.000 10.000

Integrating network design and line planning in rapid transit systems CASPT12
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Appendix Il

The procedure of enlarging the N2 Network



N2 is used as initial network for the Network Size vs. Performance Test

32 26 44
59 (26,1.1,26) 26) (21,0.9,20) ()
< >E W< >@
(9,0.5,22) ’ / (16,0.7,20) (16,0.7.20)
(30,1.1,14)
(29 42 (21,1.3,10) (%)
1 (14,0.6,6) 6 N — >
22,0.8,16 ‘l;'
( ) (20,0.5,10)
(28,0.9,20)
(26,0.7,6)

- (24,0.5,6) -
< \

(27) (30) (33)

40
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The algorithm selects two pair of nodes randomly....

(32)
(9,0.5,22) ’
(28)
1 (14,0.6,6)
(26,0.7,6)
(27)

(26) (44)
(26,1.1,26) (21,0.9,20)
< 2 4 5 N 5
' (16,0.7,20)
(30,1.1,14) (16,0.7,20)
: - (21,1.3,10) (25)
6 >
22,0.8,16
( ) (20,0.5,10) e
(28,0.9,20)
24,0.5,6 4
< ( ) S -
(30) 3

41
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Then, a new node and two new stretches are created to link them

(32) (26) (44)
(26,1.1,26) (21,0.9,20)
< > 4 < > 7
/ / 16,0.7,20
(9.0.5.22) ( ) (16,0.7,20)
(30,1.1,14)
(28) (42) : | (25)
21,1.3,10
1 (14,0.6,6) < T \e
22.0.8,16
( ) (20,0.5,10)
(28,0.9,20)
(26,0.7,6)
- (24,0.5,6) -
: 00—
(27) (30) (33)

42
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Finally, it looks for the minimum costs regarding each stretch and node component

(32) (26) (44)
(26,1.1,26) (21,0.9,20)
p A< > < N 7
/ / 16,0.7,20
)-5.22) ( ) (16,0.7,20)
(30,1.1,14)
(28) (42)
(21,1.3,10)
. (14.069)) (22,0.8,16) <
(20,0.5,10)
(28,0.9,20)
(26,0.7,6)
/' 2dos :
3 >( 5 )< >°< N'g
(27) (30) (33)
CASPT12 3
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which are selected and put on the new node and stretches as the % part of their value

(32) (26) (44)
(26,1.1,26) (21,0.9,20)
< > 4 < > 7
/ /
(16,0.7,20)
).5,22) (16,0.7,20)
(30,1.1,14)
(28) (42)
(21,1.3,10)
. (14.069)) (22,0.8,16) <
(20,0.5,10)
(28,0.9,20)
(26,0.7,6)
y y
(24,0.5)6) 2.3,0.13,1.2 2.3,0.13,1.2
3 5 @ @) )>0<( N
(27) (30) (6) (33)
New Node features New stretch features

X TP z X
Ci)llmin y y Cijl min 1:ij min Cij min C-)-( _ 10 . Cijl min
( 4 JO ¢/ =10-¢j ( 4 " 4 4 ! 4

Pl N
N 7

44
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